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HOW TEACHERS AND RESEARCHERS  
CAN COOPERATE TO (RE)DESIGN A CURRICULUM? 

Gérard Sensevy, University of Western Brittany, Serge Quilio, University of Nice, Jean-Noël 
Blocher, University of Western Brittany, Sophie Joffredo-Le Brun, University of Nantes, Mireille 

Morellato, University of Western Brittany, Olivier Lerbour, University of Western Brittany 

 This paper is grounded on a design-based research, in which a curriculum for the First and Second 
Grades in Arithmetics has been built. This curriculum, termed Arithmetic and Comprehension at 
Elementary School (ACE), has been elaborated within a team composed of teachers and researchers, 
and implemented in classrooms. We present a concrete example of the way teachers and researchers 
work together to improve some aspects of the ACE curriculum, by designing “Inquiry and Training 
Threads”. This improvement work relies on the use a Picture-Text-Audio Hybrid System (PTAHS) 
that we briefly sketch.  

INTRODUCTION  

This paper is grounded on a design-based research, in which a curriculum for the First and Second 
Grades in Arithmetics has been built. This curriculum, termed Arithmetic and Comprehension at 
Elementary School (ACE), has been elaborated within a team composed of teachers and researchers, 
and implemented in more than 500 classrooms since 2012.  

There are numerous interesting research works in Arithmetics at the beginning of the elementary 
school (for example Brousseau, 1997; Fuson 1990; Fyfe et al., 2014; Ma, 2010; Ding & Li, 2014; 
Bartolini-Bussi & Sun, 2018, etc.) but it is difficult to find curricula specially designed to provide a 
practical synthesis of these works, specially at First and Second Grade. ACE is an attempt to build 
such a curriculum, which is informed by research. In this paper, we address two questions of the 
Theme 3 of ICMI Study 24. We try to give the reader a general understanding of the ACE Research, 
from two points of view. The first one refers to the way research could “inform or influence 
curriculum design” (in question 3 of the theme 3); the second focuses on “What are the processes, 
and how are they deployed, in the development of and during a mathematics curriculum reform? 
What agents lead or dominate and what is their influence on the aspects of curriculum reforms?” 
(question 1 of the theme 3). To concretize that, we present an in-situ example of the way the ACE 
research team work together to improve some aspects of the ACE curriculum, by designing “Inquiry 
and Training Threads”, that one may see as a way to work out the two questions above. This 
improvement work notably relies on the use a Picture-Text-Audio Hybrid System (PTAHS), an 
exploratory digital instrument that we briefly sketch. In the limited space of this paper, we will only 
present a few features of the ACE curriculum process and structure.  

THE ACE CURRICULUM: PRINCIPLES AND RATIONALE 

The ACE Curriculum: a brief description of the research design 

The ACE project refers to the construction of the concept of number, which we are experimenting 
with 6 and 7 year-old-students (First and Second Grade). ACE gathers together five French research 
teams, involving teachers, mathematics psychologists, and mathematics didacticians, each of them 
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having designed a part of the whole curriculum. In this paper, we focus only on the Brittany-Marseille 
team, which has in charge a domain called “Situations”. The making of the curriculum is based on 
the implementation of a cooperative engineering, that is a specific form of design-based research 
(Cobb et al., 2003), which develops specific relationships between teachers and researchers, 
according to a symmetry principle (Sensevy et al., 2013). This principle relies on the idea that there 
is no a priori division of work between teachers and researchers, and that each member of the 
collective is able to reflect on all the problems encountered by the collective. 

The first year (2011-2012) of the experiment consisted of designing a curriculum for the building of 
the concept of number, at first grade. This designing process was carried out in a specific way, in that 
the elaborated situations were first experimented in four classes, called Study Classes, and redesigned 
iteratively. The Study Classes Teachers were members of the research team, they completed a Thesis 
Master, and they should be considered as teachers-researchers.  The curriculum was implemented at 
first grade in 60 experimental classes the second year of the experiment (2012-2013), in 120 
experimental classes the third year of the experiment (2013-2014). Since 2014-2015, a second-grade 
curriculum was designed according to the same structure and process.  

This research was a quasi-experimental design. In effect, each year, students’ learning in the 
experimental classes has been compared with students’ learning in control classes (pre-test/post-test 
assessment). It worths noticing the two main results that have been obtained. 1) For each year of the 
experimentation (2012-2013 and 2013-2104, first-grade; 2015-2016 and 2016-2017, second-grade) 
the experimental classes students outperformed the control classes students. 2) For each year of the 
experimentation, the gap between students from underserved communities (Priority Education Zones, 
in the French System) and students from middle class communities was largely widening along the 
school year in the control classes, and stay at the same level in the experimental classes. The ACE 
curriculum can be viewed as built in a specific kind of evidence-based research (Fisher et al., 
accepted). 

The ACE Curriculum: principles and rationale from a mathematical viewpoint 

From a conceptual viewpoint, the ACE curriculum is based on the following principles. 1) 
Familiarizing the students with numbers and relations within numbers by focusing first on “small 
numbers” for a long amount of time (Ma, 2011). 2) Giving a prominent importance to the study of 
the equivalence, in that students become able to think of the equality sign not as a hint to produce an 
operation, but as a relational sign (Brousseau, 1997, McNeil, 2014). 3) Using first the arithmetic 
operations as means to explore numbers and build significant relations between them. For example, 
in the core situation of this curriculum, the students are guided to be able to refer to a number in an 
additive form (a sum) and to compare it, with other additive forms in particular, by using seminal 
conceptual strategies of relevant composition/decomposition (3 + 4 = 3 + 3 + 1= 6+1; 8 + 4 = 8 + 2 
+ 2 = 10 + 2), decimal understanding (24 = 20 + 4 = 10 + 10 + 4). 4) Using manipulatives and 
representations in a systematic way, by satisfying two criteria. The first one refers to the necessity to 
enable students to rely first on manipulative and concrete “objects”, then to study iconic (analogical) 
representations of numbers (e.g. the “number line”), then to write down equations in “canonical” 
form. This process seems very close of the Chinese textbooks tradition (Ding & Li, 2014) and can be 
thought of as “concreteness fading” (Fyfe et al., 2014). The second criterion lies in a “translational 
principle”. To understand various properties of numbers, students had to compare different 
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representations of the same mathematical reality in order to become progressively able to recognize 
the differences and the similarities between these representations. 5) The fifth principle of the ACE 
rationale holds as follows. To have the pupil acquainted with the historical-cultural sense of 
mathematics (Radford, 2014), and to apprehend their deep conceptual structure (Richland, Stiegler 
& Holyoak, 2012), students had to write mathematics, and to develop a first-hand relationship to 
mathematical writing. 6) The last principle of the ACE rationale refers to the conception of 
mathematics this curriculum enacts. Mathematics should be worked out in an inquiry process, in that 
students become progressively able to build a first-hand relationship to mathematical inquiry.  

The ACE Curriculum: principles and rationale from a cooperative viewpoint 

The ACE curriculum has been designed through a specific form of design-based research, that we 
term cooperative engineering (Sensevy et al., 2013; Joffredo-Le Brun et al, 2018). It may be 
characterized through its twofold structure. One may describe the research design in two spheres. The 
Sphere 1 is composed by the research team, which means Study Class Teachers, researchers, PHD 
Students, teachers trainers, and pedagogical advisors. The Experimental Classes Teachers represent 
the Sphere 2, especially among them 50 teachers in Provence and 50 teachers in Brittany, which are 
in ongoing contact with the research team (Sphere 1). To understand the research and design process, 
one has to take into account the impact of this twofold structure on the implementing of the ACE 
curriculum 1. The first year of the research project, the Sphere 1 designed a first curriculum, tested 
in the Study Classes, then refined to be proposed to the Experimental Group (The Sphere 2) the 
second year. 2. The second year of the research project, the Experimental Classes Teachers (Sphere 
2) implement the curriculum 2 for the first time. The Study Class Teachers (Sphere 1) implement the 
curriculum in the same conditions as the experimental group. For them, it is thus the second year they 
carry out most of the main situations of this curriculum. 

Before the implementation process, an initial training session enables the Experimental Classes 
Teachers (Sphere 2) to understand the main components of the curriculum 2. During the 
implementation process, the relationships between Sphere 1 and Sphere 2 are as follows. Firstly, we 
have developed a national website (http://blog.espe-bretagne.fr/ace/) and an internet forum in which 
every teacher may raise some issues encountered in her implementing the sequence. Some other 
teacher may answer these questions; the research team does it systematically. Secondly, there is a 
mailing list specific to the geographic zone (i.e. Provence or Brittany…), through which the teachers 
may notably share various kinds of reflections and resources. Thirdly, every six weeks Sphere 1 and 
Sphere 2 meet in a training session in which they work out together the implemented curriculum. 
Fourthly, a week-long training session, called “Assessment and Project” gathers together the two 
Spheres (the research team and the experimental teachers) at the end of each year of experiment. On 
this basis, one feature of this cooperative engineering consists in the continuous changes in the 
curriculum that the research team may propose to the experimental classes teachers (Joffredo-Le Brun 
et al, 2018). In effect, frequent meetings within the research team (Sphere 1) enable these Sphere 1 
participants to rely on the study classes' implementation, and on the observation of some experimental 
classes, to design hypothesized curriculum improvements. These improvements are proposed as 
working hypotheses to the experimental classes teachers, on the research website or during the 
teachers training sessions. This type of structure enables the research team (Sphere 1) and the 
experimental classes teachers (Sphere 2) to enact together a specific kind of cooperative inquiry, in 
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which every participant (member of the research team or experimental teacher) is considered capable 
of relevant proposals (symmetry principle). This is the first part of such a process (within Sphere 1) 
that we describe in the following section. 

COOPERATION IN THE IMPROVING OF THE ACE CURRICULUM 

In this section, we will focus on an example of cooperative work within the Research Team, at second 
grade. As we mentioned it above, the second grade ACE curriculum has been implemented within 
classrooms since 2015-2016, and it is now relatively stabilized. The main research team’s work 
consists of analyzing the implementation of the curriculum in various classrooms, and specifically in 
the Study Classes, to propose some improvement. Some of these modifications slightly change the 
curriculum. Some others ask for a kind of redefinition of some curriculum’s features. In what follows, 
we focus on one of these important changes, the implementation of what we called “Inquiry and 
Training threads”.  

Inquiry and Training Threads 

We argue that the implementation of a curriculum should rely on a continual assessment of its 
mathematical efficacy. One way to insure this assessment is the statistical analysis of performances, 
as it has been performed, in ACE research, within the quasi-experimental paradigm that has been 
carried out. Another complementary way is to observe the implementation process directly and then 
try to propose local improvements of the curriculum. As an example of a melting of these two 
strategies, we will start from one exercise of the second-grade posttest. It included, at the end, a 
problem that has been presented during the test. The statement of the problem was as follows (in 
French): "At recess, Dimitri play marbles. At the beginning of the game, he has 37 marbles. At the 
end, he has 72 marbles. How much has he won?". Students were given 5 minutes to solve the problem, 
using a pencil and an empty 8.5 x 16.5 cm rectangular frame (included in the student's booklet) for 
research and computation. The results of this posttest problem were very interesting. The data show 
that the students in the experimental group (ACE) produced the correct response “35” slightly more 
in total than the students in the control group, 20.20% versus 18.23%, �F2(1) = 2.90, p = .089. However, 
they produced considerably less the response “109”, which results from the working out of the false 
operation, 5.08% versus 12.33%, �F2 (1) = 80.45, p < .001. This kind of result was very encouraging, 
in that ACE students demonstrated a better understanding of the mathematical structure of the 
problem, but a bit disappointing too, given that the ACE students, even though they perform in a 
better way that the control group students, were not able, for 80% of them, to provide the good answer. 
An examination of the way ACE students who have found the good answer performed led the research 
team to study similar ways of solving the problem, by using a number line of the following type 
(figure 1, a ACE student’s production):  
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Figure 1: A student’s way of solving the marbles problem by using the number line 

In this production, the student used a representational system at the core of the ACE curriculum, the 
number line. He first drew a “bridge” which represented 37, one which represented 72, and one which 
represented the difference between 37 and 72, with an interrogation mark on the top. Then he 
proceeded on the number line. He added 3 to 37 to reach 40 (first bridge after 37), 30 to reach 70 
(second bridge after 37), and 2 to reach 72 (third bridge after 37). After adding these three numbers, 
he wrote the “good answer” (Dimitri a gagné 35 billes/Dimitri gained 35 marbles) under the 
representational system. It is important to notice that this student’s procedure was not at all an 
invention of this own. Such a use of this number line was a distinctive strategy of the ACE curriculum, 
and it can explain why the ACE group outperformed the control group in the understanding of the 
mathematical structure of the problem. But the test showed the research team that the calculation 
process was not mastered enough, while giving them an evidence, by considering students’ 
productions as the one above, that using the number line as a topological device was very promising. 
This kind of result brought the research team to become aware of a fundamental fact. Students should 
carry out an inquiry process, a first-hand relationship to mathematical inquiry, that is at the core of 
the ACE curriculum. But they should also train themselves a lot to acquire a deep number sense and 
calculation skills. In this perspective, the research team (sphere 1) began to develop, in synergy with 
the experimental teachers (sphere 2), what has been called “Inquiry and Training Threads”. An 
“Inquiry and Training Thread” is a mathematical practice in which students gave themselves a small 
“exercise”, by choosing the structure and the “numbers” of this exercise, work it out, then share their 
answer with other students, by discussing the various proposed exercises. The teacher plays a 
prominent role in this discussion, notably by helping students understand the mathematical techniques 
they used, and by institutionalizing some of these techniques to make them available for each of the 
students in the classroom for their future productions. To ensure the “training” part of an “Inquiry 
and Training Thread”, this mathematical practice occurs several times a week in the classroom, often 
every day, on a short lapse of time (from 5 to 15 minutes), but on the long duration of the whole 
classroom year, as a work in progress. Students then experienced an enduring mathematical work, 
growing into culture of mathematical inquiry. 

Sharing and Improving an Inquiry and Training Thread 

The “Inquiry and Training Thread” practice was integrated to the ACE curriculum, first ly in Second 
Grade, since the end of 2016-2017. The first “Inquiry and Training Thread” implemented was termed 
“Exploring the number line”. The students gave themselves a difference exercise (for example 64-
37), then used the number line as roughly described in the example above to find the solution. This 
mathematical practice (“Exploring the number line”) gradually enriched the ACE curriculum, along 
with other “Inquiry and Training Threads” (for example “Problem Posing”). Two fundamental 
questions were then raised: i) How to share deeply this kind of practice through the experimental 
group; ii) how to improve this kind of practice. To answer these questions, the Research Team 
designed digitalized films of practice, “Picture-Text-Audio Hybrid Systems”. Such devices aimed to 
enable people a better knowing and understanding of the filmed practice (e.g “Exploring the number 
line” practice). We describe now more precisely an example of such a design (its first part). 
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SHARING AND IMPROVING AN INQUIRY AND TRAINING THREAD: AN EXAMPLE 

This iterative process unfolded as follow. First, a text was elaborated about “Exploring the Number 
Line”, which is available online in its consecutive versions, each of them modified trough the research 
meetings. Based on this text, PTAHS (Picture-Text-Audio Hybrid System) were designed in an 
iterative process. We focus now on our concrete example. At step 1, the research team simply decided 
to videotape an ordinary current practice of one of the Study Class teacher (Grade 2). At Step 2, the 
whole session (15 min) was filmed. It consisted to having two dyads of students working on an 
“Exploring the Number Line” task, then analyzing these productions with the whole classroom. We 
give below the final state of this work for the first dyad (figure 2), which shows how different semiotic 
systems may accompany the number line, in a kind of “translation” process between different 
representations. 

 
Figure 2: First dyad’s production (Step 2 

At Step 3, the discussion inside the research team brought it members to notice that “Exploring the 
number line” could be conceived of as a mechanical technique, in which approximation processes 
were discarded. The research team designed a new session, in which students should estimate the 
result by “computing on tenths” (for example 73 - 36 could be estimated as 7 tenths minus 3 tenths, 
so 4 tenths). At step 4, a new version of the “Exploring the number line” session line was so 
implemented. Students were asked to first estimate the result, by “computing on tenth”. Students, 
who were trained in ACE to consider numbers through the decimal numeration structure, could 
estimate very well results of subtractions, but a very interesting problem occurred when the Study 
Class Teacher tried to write down students’ reasoning. Consider the following photogram (figure 3) 
in the classroom, where the teacher writes down the used solving strategies under the students’ 
dictation. 

 
Figure 3: The writing down of the “computing on tenth” (Step 4) 

At Step 5a, by studying the writing of the equality (figure 3), the Study Class Teacher said to the other 
members of the team that he was not satisfied by this writing, the affirmed equality 93 – 41 = 9 d – 4 
d = being false. Another concern referred to the second line of this calculation. How to find a rigorous 
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and simple way to show the “separate calculation” of tenths and units? A discussion followed within 
the research team, which lead to a new working hypothesis. The research team decided to test the use 
of the “approximately equal symbol” (≈) to solve the first problem. This symbol was introduced in 
the following session, as shown below (figure 4, step 5 b). While listening to the students’ dictation, 
the teacher proposes new ways of writing mathematics. 

 
Figure 4: Using the “approximately equal” symbol (Step 5b) 

It is interesting to notice that the Study Class Teacher found a way to solve the second teaching 
problem (showing the “separate calculation” of tenths and units) by using a parenthesis system. As a 
member of a research team, this teacher had participated in many discussions in which the use of 
parenthesis was proposed as a working hypothesis. Reminding these conversations, he used the 
parenthesis system above (figure 4) to show the separate calculation. A few days after, the students 
currently used these two semiotic systems in their “Exploring the Number Line” activity. Even though 
such semiotic system (“approximately equal symbol” and parenthesis system) are generally not used 
at primary school, they seem useful in that they provide students with a shared way of symbolizing 
their mathematical though. Finally, as a glimpse, we give a copy of the “homepage” of the PTAHS 
designed from this example (English translation and subtitling are in progress).  

 
Figure 5: the designed PTAH “Homepage” (Link below) 

The central disc above (figure 5) refers to annotated and commented films of the classroom practice 
about the thread (“Fil rouge Explorer la ligne”). Other discs refer to 1) associated documents (notably 
transcripts of the films dialogues), 2) comment on films by the teacher, researcher, and students, 3) 
an annotated film of the new classroom approximation mathematical practice. The user of the PTAHS 
thus may enter this network of practice to better understand the Inquiry and Training Thread, and to 
propose new improvements.  
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SUMMARY AND CONCLUSION 

In this paper, we have shown first how considering the result of a test led the research team to 
transform the ACE curriculum (second-grade) by introducing “Inquiry and Training Threads”, and, 
more precisely, the “Exploring the Number Line” thread. We have described how the Cooperative 
Engineering collective redesigned this thread by integrating to it firstly the estimation strategy, and 
secondly the semiotic systems which may help perform this strategy accurately. The whole 
improvement process is now available on line on the Picture-Text-Audio Hybrid System (PTAHS) 
(http://pukao.espe-bretagne.fr/public/tjnb/shtis_ace/reseau_analyse_approximation.html) whose we 
present the “homepage” above. A further step in this research will consist in transmitting the 
improved thread from the research team (Sphere 1) to the experimental ACE teachers (Sphere 2), as 
it is planned in the next ACE meetings. 
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